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Abstract. We introduce a new mollifier and apply the method of Levinson and Conrey to 
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function, as well as conditional results on prime gaps. 
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1. Introduction 

Let ({s) denote the Riemann zeta function, where s = a + it. It is defined for cr > 1 
by 

oo 

n=l p 

where p runs over the prime numbers, and has a meromorphic continuation to the whole 
complex plane with its only pole, a simple pole at s = 1. It satisfies the functional 
equation 

e(s) = e(i-s), (1.1) 

where the entire function ^(s) is defined by 

as) = H{s)as) (1.2) 

with 

His) = ^^7r-/^r(|). (1.3) 
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Let N{T) denote the number of zeros of s — a + it, in the rectangle < cr < 
1, < t < T, each zeros is counted with multiphcity, von Mangoldt proved that (see 
[24]) 

S(T) = - argC(^ + iT) = O(logr), as T ^ oo. 

Let Nq{T) be the number of zeros of C(| + it) on < t < T, each zeros is counted 
with multiphcity, Nqs{T) be the number of simple zeros of C(|+it) on < t < T. The 
Riemann Hypothesis says that No(T) = N(T), the Simple Zeros Conjecture combined 
with the Riemann Hypothesis says that Nos{T) = Nq{T) = N{T). 

It was proved for the first time by Hardy [11] in 1914 that ^(s) has infinitely many 
zeros on the critical line cr = |, thus 

No{T) ^ oo as T oo. 

Hardy's qualitative result was given a quantitative form 

No{T) > AT 

for some A > and T large enough, by Hardy and Littlcwood [12] in 1921, and later, 
with an explicit value of A, the same result was obtaned by Siegel [23] in 1932 with a 
rather different method. 
Let 

/« = liminf (1.4) 
T^oc N(T) ' ^ ^ 

/^* = liminf%|^. (1.5) 
T^oo N(T) ^ ^ 

In 1942, Selberg [21] proved that there is an effectively computable positive constant 
A such that 

K>A. 

Selberg's proof involved combing a 'mollifier' to compensate for irregularities in the 
size of |C(s)| and the method of Hardy and Littlewood. 

In 1974, Levinson [14] combined Siegel's idea and Selberg's idea and proved that 

K > 0.3420. 

The Levinson method involve the following main issues: 
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i) 'Perturb' the Riemann zeta function ({s) to a function f{s) such that (if the 
Riemann Hypothesis is true) f{s) remains has no (or few) zeros in the rectangle | < 
(7<1, < t < T and the zeros of C(s) on the critical line are 'pushed' to the left of 
the critical hne. Levinson's choice of f{s) in [14] is essentially ({s) + 

ii) Use the Littlewood Lemma and a convexity inequality to estimate the upper 
bound of zeros /3 + i7 of f{s) in the rectangle | — < a < 1, < t <T with weight 
^ — I + 1^^, and then get an upper bound estimation of zeros of f{s) in the rectangle 
l<a <1, 0<t<T. 

iii) A mollifier ip{s) is used in ii) to compensate for irregularities in the size of |/(s)|. 
The mollifier Levinson constructed in [14] is 

where y = (with ^ = ^ — e) is the length of the mollifier. 

iv) Since (see Levinson and Montgamery [17]) unconditionally ({s) and /(s) have 
almost the same number of zeros in the rectangle | < cr < 1, < t < T, ii) gives an 
upper bound estimation of zeros of ({s) in the rectangle ^ < a < 1, < t < T and 
then a lower bound estimation of Nq(T). 

In an attempt to semi-optimize the coefficients of the mollifier iJj{s), Levinson [15] 
choose 

2R 2R 

V'(s) = (1-7) 

with y — T^~^, and gives the result 

K > 0.3474. 

Heath-Brown [13] and Selberg independently noticed that the zeros located by 
Levinson's method are simple zeros of Cis)^ thus 

K* > 0.3474. 

It is the first time one proved unconditionally that there are infinitely many simple 
zeros of ({s) in the critical strip. 

Lou and Yao [18] choose the mollifier 

= ^ ^ y^^^^ + ft„ J*^!^ (1.8) 
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with ho a real constant and y — T2 ^. This leads to 

K > 0.3484. 

Lou also announced a result of /t > 0.35, but without detailed proof. 
In [4], Conrey use the more general mollifier 

m - E ^Pi'f^), (1-9) 

where y = T^~^ and P is an analytic function with P(0) = and P{1) = 1. The 
function /(s) is also generalized to 

where Q is a real polynomial with Q{0) — 1 and Q'{x) — Q'{1 — x). By choosing P 
and Q appropriately this gives 

K > 0.3658. 

With Levinson's original /(s) and the mollifier (1.9), Conrey [5] obtain 

K* > 0.3485. 
Anderson [1] use the moUifier (1.7) and 

where Oi is an arbitrary real number. This gives 

K* > 0.3532. 

In 1989, Conrey [6] proved that 

K > 0.4088 

and 

n* > 0.4013. 

These significant improvement has been obtained by using a mollifier of length y — 
with 9 — ^ — e. The work of Deshouillers and Iwaniec [7,8] on Kloosterman sums is 
used to estimate the error terms of the mean value integral for this longer mollifier. 
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Recently, in [3], Bui, Conrey and Young introduced a two-piece moUifier and proved 



K > 0.4105, 



K* > 0.4058. 



Although the Levinson method and its modification are most successful and hopeful 
at present for estimation of the proportion of zeros of the Riemann zeta function on the 
critical line, there are several aspects that prevent one from getting essentially better 
results: 

a) Zhang [25] proved on Small Gap Zeros conjecture and the Riemann Hypothesis 
and later Feng [10] proved only on Small Gap Zeros conjecture that has a positive 
proportion of zeros near the critical line. By the functional equation this means that 

+ has a positive proportion of zeros near the critical line. That is, although 
the zeros of ({s) on the critical fine are 'pushed' to the left of the critical fine, there 
is a positive proportion of zeros which are not 'pushed' far away from the critical line 
enough. Therefore, if one expect to prove that 100% of the zeros of the Riemann zeta 
function are on the critical line by using the Levinson Method, they must let i? — > 
or construct an essentially different /(s). 

b) Farmer [9] proposed the '^^ = oo conjecture' and proved that this implies 100% 
of the zeros of the Riemann zeta function are on the critical line. This shows that the 
length of the mollifier are key for the Levinson Method. However, we can see in Conrey 
[6] that it is very difficult to deal with the error terms for longer mollifier. 

c) For given /(s) and given length of the mollifier, it is too complicated to optimize 
exactly the coefficients of the mollifier. 

In this paper, we prove the following 

Theorem 1. 



Remark. One can combine our method and that of Bui, Conrey and Young [3] to 
improve both k and k*. 

The framework of proof follows that of Levinson and Conrey. The main new element 
here is the use of a different mollifier: 



K > 0.4128. 



(1.10) 




logy 



logpi iogp2 o Aogyi/j 

— \ — 2 -'21,—; 

log yi log 2/1 



j<yij'°<'^ PiP2\j 
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^ log Pi log P2 log P3 p . log 1/1 /j . ^ 

PlP2P3\j to O f ^ 

^ logpilogp2---logp/ ,logyi/j X 

^ , WVi '^1^^^' ^ ^ 

piP2—pi\j & oj'j^ 

where y — with ^ = | — £ and yi = T^^ with = | — £, / > 2 is a integer, Pi is 
a real polynomial with Pi(0) = and Pi{l) = 1, P;(/ = 2, ■ ■ ■ /) are real polynomials 
with Pi{0) = 0, pi,p2, ■ ■ ■ ,pi runs over the prime numbers. 
Selberg [22] proved that for ai — 1, 

E ^(m,n) > 1/(E ^) = ^T^, (1.12) 

where (m, n) is the greatest common divisor of m and n, 4>{n) is Euler's phi function, 
and the equality are achieved when 

nL{y/n;n) 

On = /X n — — — — -, 1.13 
^{n)L{y; 1) 

where 



(m,n)=l 



For fixed n it is not difficult to show that 

L(X,n)~^logX 
n 

and it may be expected that n) is approximately this size for most n. This 
suggests that a„ in (1.13) are approximately 

log^ 

Mn)^^. (1.14) 

Thus the motivation of Levinson's choice of the coefficients of the moUifier can be 
understood as to minimize the quadratic form in (1.12), which is simplification of the 
main term for the mean value integral (see Mongomery [19]). 

On the other hand, the moUifier (1.6)-(1.9) can also be understood as 'continuous' 
truncation of the Dirichlet series of Therefore the moUifier can be seemed as try 
to mollify C,{s). 

However, while in Selberg's method we need to mollify C{^)-i Levinson's method 
we really need to mollify the perturbed function f{s). Our motivation of choice of 
(1.12) is try to mollify C(s) + Q^- Consider the Dirichlet series 

1 1 C'(s) C'\s) C'\s) 



C(5) + g^ C(^) ^ogTC\s) Xog'TC^s) log'TC^s) 
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For j be a square-free positive integer, we have 



(/x*A)(j) = -fx{j) log j, 
{li*A*A){j) = J2 logpilogp2, 

PlP2\j 

(/X* A* A* A)(j) = logpilogpalogps, (1.16) 

PiP2P3\j 

' ' ' ) 

where f * g denotes the Dirichlet convolution of arithmetic functions / and g. For 
those j which contains a square divisor, the coefficients Uj defined according to (1.15) 
contribute a lower order term for the mean value integral. Therefore, the moUifier 
(1.11) can be seemed as simphfication of 'continuous' truncation of the Dirichlet series 

We mention that the method we used here may also apply to improve other results 
on zeros relate to the Riemann zeta function, as well as conditional results on prime 
gaps. 



2. Beginning of the proof and some lemmas 

By a standard discussion as in Conrey [6] section 3 (see Levinson [14] and Conrey [4] 
also), we have by (1.1), Littlewood Lemma and the fact 

aj<l,ai = l (2.1) 

that 

Lemma 1. Let T be a large parameter and L — log T, i? be a positive real number, 
^0 = 1- T^y = T^ with ^ = I - £ and yi = T^^ with = | - £, 

m-T.^^ (2-2) 
j<yJ 

for yi<j< y, 

%=Mi)A(if|^), (2.3) 

for j <yi, 
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^ log Pi log p2 log PsjyAogyi 1 3 X . 

, ^ logpi iogp2 • • • logpj p ^ logyi/j ,^ 

^, WVi '^1^^^' ^ ^ ^ 

where / > 2 is a integer, Pi is a real polynomial with Pi(0) = and Pi(l) = 1, 
Pi{l = 2, ■ ■ ■ /) are real polynomials with Pi{0) = 0, Pi,P2, ■ ' ' ^Pi I'uns over the prime 
numbers. Let 

V{s) = Qi—^JCis), (2.5) 
where Q is a real polynomial with Q{0) — 1 and Q'{x) — Q'{1 — x). Then we have 

> 1 - log(^ \BV{ao + it)\Ht) + 0(1). (2.6) 

Let a, P be complex numbers with a, ^ <^ j^, sq — \ -\- iw with T < w < 2T. Let 
A = T^-^ < 5 < 1, a^- defined by (2.4). Let 

j<y 

and 

g{a, 13, w) = e(^-^°)'^-\(5 + a)C(l - s + /3)^(5)i3(l - s)ds, (2.7) 

where (c) denotes the straight line path from c — ioo to c + ioo. By the method of 
Balasubramanian, Conrey and Heath-Brown [2], to estimate the mean value integral 
in (2.6), it suffice to obtain an evaluation of g{a,(3,w) uniformly for a, (3 ^ j,T < 
w < 2T. 

The following lemma is due to Conrey [6]. 

Lemma 2. Let a, (3 be complex numbers with a, (3 <^ yi,y, aj be as in Lemma 
1, < 5 < 1, A = T^-\ ^ be as in (2.7), and 

na.0)^T.i;^(h,kr°*'. (2.8) 

Then as T ^ 00, 

g{a, 13, w) = -— ^ ^ + 05 1 2.9 

a + [3 

uniformly in a, /3 and w. 
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Lemma 2 reduce the evaluation of g{a,f3,w), and therefore the evaluation of the 
mean value integral in (2.6), to the evaluation of E(q;, 
Denote 

i^o»=n(i-i)> (2-10) 



we have 



h,k<y j\{h,k) 

Y,f*'*'FU,l + a + l3)j:^^j:^. (2.11) 



Let 



j<y j\h j\k 

h<y k<y 



Ea{j) = 12 }^.- (2-12) 

h<y 

In section 3, wc evaluate Ea{j). Then we use this to evaluate in section 4. 

We also need the following lemmas for evaluation of Ea{j) and E(q!,/3). 

Lemma 3 (see Conrey [4]). Let P be a real polynomial with P(0) = and 

^= E #P(i^^f^). (2.13) 

(n,3)=l 



Then we have 



s = ^ , M^^) + r^P'(^)) 

P(j,1 + q;)V logy logy logy V 
^^ (loglogy)^Pi(j, 1-2(5) ^ ^ (loglogy)^Pi(j,l-2^) J , 
log'y logy ^y^ ^ 



uniformly for j < y, a <ti Here F{j,w) defined by (2.11), 
5 — 1/ log logy, and 

d=^TT^, , (2.16) 

Mloglogy' ^ ^ 



where M is a sufficiendly large constant. 
Lemma 4 (Mertens Theorem). 



E^ = logy + 0(l). (2.17) 

P<y P 
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Lemma 5 (Levinson [14]). 

^i^ = 0(loglogi). (2.18) 
p\j ^ 

Lemma 6 (Levinson [16]). Let be a positive integer and 



Tl 

n<x p\n 
(n,N)=l ^' 



where 



for some c > 0. Then 



m = 0(1) (2.20) 

pC 



^(^) = n(l--) n (l-^)(l + ^)logx + 0(loglog(7V + l)) (2.21) 

p\N P ip,N)=l P P + ^ 

with the O independent of x and N . 

Lemma 7. Let m be a positive integer, a be a complex number and / be a 
continuous function, L> > 1, then 

fix) \og^-'x 



1 (m — l)!a;^+' 



;dx. (2.22) 



Proof. We prove by induction. The case m = 1 is obvious. We assume the case 
m — 1 is vahd, then by integration by parts we get 



1 f XI 1 f ^1^2---^m.-2 1 [ ^1^2---^m-l f {^1^2 ' ' ' ^m) , , , 

k x^k x^'-'k x^,k x]f- dx^...dx,dx, 

D 1 f^, f\x,x)\0g^-'x 

(JjJb UjJU ]^ 



1 (m-2)!xi+" 
^1 /«/(t)log™-2(t/x 



dtdx 



1 xJx (m-2)!ti+" 
^logx fD f{t)\og'^-^{t/x) 



log X r 

Jl X Jx 



dtdx 



1 {m-2)\xJx t^+" 

rm}2^dx (2 23) 

1 {m-l)\x^+- ^^-^^^ 



X Jx (m-3)!ii+° 
-log-. /"/Wrfirf, 
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The proof is complete. 

Lemma 8. For positive integer mi, m2 and square- free j, 

^ logpilogpa • • -logp^i log gi log 52 ■ • • log 

PiP2-pmi\j qiq2-qm2\j 
min(mi ,m2) 

= 'PmA2 Yl l0g^Pll0g^P2---l0g^Pfel0gPfe+l---l0gp„,+„2-fc, 

fe=0 PlP2---Pmi+m2-feb' 

(2.24) 

where p and g runs over prime numbers, = = fc!(r-fc)! • 

Proof. The summation due to the case that there are just k prime-square factors 
in P1P2 ■ ■ ■ Pmiqiq2 ■ ■ ■ qm2 is 

E log'pilog'p2---log'pfclogpfe+i---logp^,+^,_ifc. (2.25) 

PlP2-Pmi+m2-k\3 

Sum k form to min(mi,m2) we get (2.24). 

Lemma 9. Let ki > 0,k2 > 1 be integers, / be a continuous function, -D > 1, then 

logxi loga;2 _ _ _ /-ii^F^^ log /'iT^F^ 1 

A Xi Jl X2 Jl Jl Xkj^+i 

f ^1^2—^k-i^+k2-2 1 f '^l'^2-^ki+k2-l /(^1^2 ■ ■ ■ ^A;i+fc2) 7 7 

/ / "2;fcj+fc2 • • • aa^i 

Proof. We prove by induction for ki. Let a = and m = A;2 in lemma 7, the case 
/ci = follows. We assume the case /ci — 1 is valid, then similar to (2.23), by integration 
by parts we get 

^logXi log 3:2 /-.i.^ ^fci-i logXfc, /-.ixa^.xfe^ 1 



/■^ logxi /-ii log 3:2 r ^i^2--ki-i ^ogxfc, /■ 
ii xi ii X2 A Xfc^ A 

/' xiX2---x^.^_f_i,^_2 1 /' xiX2--Xfc^_).fc^_i f{XlX2 ■ ■ -Xfc^-l-fc^) ■ ■ ■ dx 

"'I Xki+k2-l -^1 ^fcl+fe2 

/■^logxi /•i^/(xia;)log2'=i+'=^-3x , , 

/ / — r-; ; r; dxaxi 

Jl xi A 2A;i + fca - 3 !a; 



Xi Jl (2A;i + k2 — 3)\x 
D logx [D f{t) log^^i+^^-^(t/a;) 



1 X A (2A;i + A;2-3)!t 



dtdx 
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log' X fit) \0g''^+'^-\t/xl^^^^ 



log X r 
Ji 2x Jx 



{2ki + k2-4:)\t 



dtdx 



Ji {2ki + k2-2)\x Jx t 

r Mi^i!::!!!^^, (2 27) 



3. Evaluation of Ea{j) 

Throughout this section, estimation are uniformly for j < y, ck 
By (2.12) and (2.4), we have 

_ ix{h) logy/h 

h<y 

^ ^i{h) ^ log Pi logp2 p Aogyi/h 

V- logPllogp2---logPJ p log|/i//l 

= Ei + E2 + --- + Ej, (3.1) 

say. 

Let n — h/j, S — 1/ log logy, and d — j^j^^i^, where M is a sufficiendly large 
constant, by lemma 3 we have 

^ ^ iAjI Mnlp logjy /nj) 

' ni^/, logy ^ 

ji+"F(j, 1 + a) V 1^ logy ^ logy logy 

^ j log^ y ^ 

^^^ ^imog\ogyfF,{j^-25) J 
V jlogy y 

For / > 2, we only need consider j < yi, since = for j > yi. Let n = h/j, we have 
J. ^ Mil ^(^0 logpi logp2 • • • logp; p Aog{yi/nj) . 

(n,j)=l 
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M K^) „ /log(|/i/nj) / ^ logpi logp2 • • • logPi 



i'^" n^T/i log^i \ipt;,b- 

(n,j) = l 
+ ••• 



V- log Pi \ogp2-- -log Pl-m ^ I0gpil0gp2---l0gp^ 



^ ,. log'"™yi ^ I log""?/! 

PiP2---pi-m\j ° PlP2---Pm|n ° 

+ ••• 

^ ^ 10gPllOgP2---10gP/ j ^gg^ 

piP2—pi\n ^*-*S ^1 

For 1 < m < Z, let rin = — - — , we have by lemma 3 

— — ' " PlP2—Pm ' •' 

^ l^{n) log{yi/nj) ^ logpi logp2 ■ ■ ■ logPm 
2^ ) 2^ 



^ , . log 7/1 I log™ V\ 

■n<yi/j piP2—Pm\n ° 

(n,j)=l 

PiP..i<.,/. (PlP2---pJl+"l0g"^Z/l 

{PlP2---Pm,i) = l 



/^(^o) p / lQg(l/l/^0PlP2 ■■■Pmj) - 



PlP2"PmJ 
(»0'PlP2'"Pmj)=l 

fJ'jpm ■■■Pm) log Pi l0gP2 • • • logPm 

P^P2■■t:'^<yl/. ^(P^P^ ■ ■ -Pmj, 1 + «)(PlP2 • • ■Pmy+°' log"" yi 

{PlP2---Pm = l 

log — 1 log — a 

' ° PlP2---PmJ \ I O//' ° 



logyi logyi logyi 

logPl l0gP2 • • •l0gp^(l0gl0gyi)2Fi(piP2 • • -Prnj, 1 " 25i)> 



PiP2-P..<.i/.- PlP2---Pml0g'"^ yi 

(PlP2'"Pm,j)=l 



logpi logP2 • • •logP™(loglogyi)2Fi(piP2 ■ • -Prnj: 1 " 25l) 



log™ 2/1 

(piP2---Pm,j)=l 

, / PlP2---Pmj\ di 



yi 

= A, + 0{A2) + 0{As), (3.4) 

say, where Si — 1/loglogyi, di = j^^ipg^pg with M a sufRciendly large constant. 
Now we evaluate Ai first. We have by (2.10) 



f^iPlP2 ■■■Pro) log Pi logP2 ■■■\0gPm „ . ^Og 



yi 



P1P2 ■•t;^<«i/.- ^(PlP2 • • -Pmi, 1 + a)(PlP2 • • •Pm)^+" ^ log 2/l 

(PlP2-Pm,j) = l 



-1 /i(PlP2 • • ■P,u-l) logPi l0gP2 • • • l0gP>»-l 

FU. 1 + «) P,P2...p'r (Pi^" - 1) (^2+^^ -!)••• - 1) 



(PlP2---Pm-l'3)=l 
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Pm<ai/piP2'"Pm-lJ ■'^"^ " 
(Pm,PlP2---Pm-lJ)=l 



Consider the inner summation, we have 



yi 



^ pl+'^-l logyi ^ 



Pm<yi/PlP2---Pm-li 
(Pm,PlP2---Pm-lJ)=l 



yi 



T,i+a — 1 loewi 

Pm<yi/PlP2-Pm-lj ^"^ ° ^ 



yi 



E lOg Pm p / P1P2 ■ ■ Pm J \ 

ril+a — I In? 7/1 

Pm<!/l/piP2 ' Pm-li ^"6 i/i 
Pm|PlP2"-Pm-lJ 

5i - B2, (3.6) 



say. Since P;(x) is bounded in [0, 1], we have for piP2 • • -Prnj < Hi, 



yi 



logi/1 

Thus by lemma 4 and Abel summation, 

f '-^ ' 1 log ^ — — 

Ji xl+^'-l logyi 

ilii^fcl 1 p^(l!iiIpE^^^)^^^ + C>(l), (3.8) 



1 logyi 

by lemma 5, 

B2 = 0(loglog(piP2 ■ ■ -Pm-ij)) = O (log log 1/1). (3.9) 
Combine (3.5), (3.6), (3.8) and (3.9), we get 

/"(PlP2 ■ ■ -Pm) logpi logp2 • • ■ log 

Pm p f Q PiP2---Pmj \ 
PXP2-^<yih FiPlP2 ■ • • Pmj: 1 + a) {P1P2 ■ ■ ■ Pm)^+" ' log yi 



(PlP2---Pm. J)=l 

-1 l^iPlP2 ■ ■■Pm-l) log Pi logP2 • • • logPm-1 

m 1 + «) p,P2...pr..../. (^^i^" - 1)(^'2+" -!)••• (^^--1 - 1) 



(PlP2---Pm-l.j)=l 



r ^ 1 log — — 

^ / PlP2---Pm-lJ p/ ^ PlP2---Pm-lja;m 

A x}+- logyi ^ 



log log yi ^ KPiP2 ■ ■ -Pm-QlogPl l0gP2 • • -logp^,! 

^mi + «)p,P2.-.t^..../. (pi^"-l)(P^"-l)---(Pmt"l-l) ^ 

(PlP2---Pm-l'3)=l 

Ci + 0(C2), (3.10) 
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say. By lemma 4, we have 

C, = 0{F,{j,l-2S,)loglogy^Y[ ^ \-^^\) 

, 1 ^ -I- 



1 VT<y\ 

= 0(Fi(j, 1 - 2(5i) log'"-^ 1/1 log log yi). (3.11) 



(3.10) and (3.11) gives 



Af(piP2 ■■■Pm) logpi logp2 • • • log 



PiP2 i<w/i ^(^^1^^2 • • -PmJ, 1 + Qi)(plP2 • • •Pm)^+" ^ log Z/l 

(PlP2'"Pm>j) = l 

1 /^(PlP2 • • •Pm-2) log Pi l0gP2 • • • logPm-2 

^(i' 1 + «) ...2 -.t^^.../. (pi""" - i)(P2^" -!)••• (^^--2 - 1) 

(PlP2---Pm-2.j)=l 

T 10 -1 Iqo- 

^ ^QgPm-1 jPlP2 - Pm-lj ^ p, ^ piP2---Pm-ljXm \^ 

P„_1<./1/P1P2 ■■Pm-2J ^ •'^ -^m iUg(/l 

(Pm-l.PlP2-'-Pm-2i) = l 

+0(Fi(j, 1 - 2S^) log"'-' y, loglogyi). (3.12) 



Therefore by induction for m and lemma 7, we obtain 

A«(piP2 • • -Pm) logpi logp2 • • ■ log 

Pm f & ' 



2/1 



P1P2 i<!/i/. ^iP^P-^ ■ ■ -Pmh 1 + a)(PiP2 • • •Pm)^+" ^ logyi 



(PlP2-"Pm J') = l 



1 + a) Ji '"A 



F(j,1 + q;)A A 

1 log. ^ 

logyi 

+0(Fi(i, 1 - 26,) log^-' y, loglogyi) 

(-1)"^ ff PiC^^)^og-~' ^ 



Ji log v^ 



^ [-^r f- 

F{j,l + a){m-iy. Ji 



-dx 

^i-t-a 

+0(Fi(j, 1 - 2(50 log"^"' yi loglogyi). (3.13) 



Similarly, 



KP1P2 ■■■Prn) log Pi logP2 ' ' 'logPrn p> 



JLL. 



PlP2---Pm3 



PiP2-Pm<yi/i PiPiP2 ■ ■ -PmJ: 1 + «) (PlP2 " " •Pm)^+" log |/l 

(PlP2---Pm >3)=1 



Q;)(m — 1)! A 



-dx 



F{j,l + a){m-iy. Ji x^+'' 
+0(F,{j, 1 - 25,) log"'-' yi loglogyi). (3.14) 



Since Pi{0) = 0, we have 



^ (Q;P^(l2piZi£) + 1 p/(l2pi/i£)) 

J V log2/i / logyi tv logyi 



dx 
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A ^ logyi ^ logyi 1 A ^ logyi ^^x"^ 



/ log 1/1 /j 



logt/i 



and for m > 2, 



^ f"^ ap/^^y^)^^^^dx 
A ^ logyi ^ 

_p/|ogyi/jx log^^^ j/i/j ^ 

logyi -^^ 1 



yi X" ^ Jl 

/-^ logi/i/jx log*;^ 

= (m — 1) / ; — ) r; dx. 

^ ^A ^ logyi ' 



1 Jl ^ logyi X" ' 



= 1, 



Combine (3.13)-(3.16), we have for m 

- 1 p . log 1/1 /j\ ^ ^ / ^1 (j, 1 - 25i ) log log 7/1 

1 log 2/1 log 2/1 



. -i 

^1 = ^ 

1 + a) log 2/1 

and for m > 2, 



^1, _ (-ir 

F(j,l + a)(m-2)!log'"yi.: 
Fi(j,l-2(5i)loglog2/i 
log^ yi 



A ^ logyi ' 



For (pip2 • • - Pm, j) = 1> we have 



(3.15) 



(3.16) 



(3.17) 



(3.18) 



FMp2 ■ ■ -Pmj, 1 - 25i) = F^{j, 1 - 25,)F,ip,p2 ■■■Pm,i- 2(5i) 
<2-Fi(j,l-25i), (3.19) 



hence by lemma 4 we obtain 

,Fi(i,l-25i)(loglog2/i)2 " 



A2 = 0{- 



log"^+'2/i 



r=lp^<2/i Pr 



^^ Fi(j,l-2(5i)(loglog2/i)^ ^ 



log 2/1 

By lemma 4 and Abel summation we have 



E 



logPm 
1-di 



2/1' log log 2/1 

{PlP2---Pm-ljY^ 



Pm<yi/piP2—Pm-lj 



0{ 



)• 



(3.20) 



(3.21) 
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(3.19) and (3.21) yields 

'F(j, 1 - 25i)(loglog|/i)2 ^ logpilogp2---logPm-l 



2^ ; 



^ Pm<y\IP\P1—Vm-\3 



_ . F(j,l-2^i)(loglogyi)3 y logp.x 



^^.F(,,l-2^0(loglog,03 
^ log yi ^ 

Substitute (3.17), (3.18), (3.20) and (3.22) into (3.4), we obtain 

(n,3)=l 

-1 p^(logM)^Q(Fi(j,l-2^0(loglog,03^ ^^^^^^ 



F(j, 1 + Q;)logyi logyi log yi 

and for m > 2, 

^ /x(n) log(|/i/nj) ^ logpi logp2 • • -logPrn 

^,.ni+" logvi ^ , log'"^! 

(n,j)=l 

(-I)'" log^log^ 



F(j, 1 + a)(m-2)!log™yi Ji ' logt/i ' 

+0(^iM^^^4^!£5W). (3.24) 

log 2/1 

For J < 2/1, we have trivially 

^ logpi l0gP2 • • • logPm ^ logPr ^ , 

Substitute (3.23)-(3.25) and (3.2) with Pi, 5, c? replaced by P;, 2/1, 5i, di into (3.3), we 
get for j < yi, 

^ M r (-1)' D/log2/i/ia;Jog'~^x 



f /T p. log 2/1/ J 

WZ-2)!A log2/i ^ 



ji+"P(j,l + Q;)log'2/i 4^-2)! A log2/i 

«-2 logi/i/ja;, log'-"^-2a; 



, Y-^m l-ij /T p.log2/i/ja; log" a; ^ 



og2/i pip2---pi-i\i 
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V logyi logyi logyi ' ^ J 



jlog'yi jlogyi ^z/i 

Let = 1 for j < yi, and lyi(j) = for j > yi, substitute (3.26) and (3.2) into 

(3.1), we have for j < y, 

J U' PlP2\j 

H hGi{a,j) logPilogp2---logP/} 

PiP2---Pl\j 

j^og'y J logy 

J log yi 



w(i)Fi(j,l-25i)(loglogyi)2 



+0(l,,(j r"^^"^'^ (3.27) 



where 



jlogyi yi 



Go{a,j) = aPi{- + Pi 

logy logy logy 



+1 (,)\- ^-^y ff logyi/jx log' 
+^^^^^^fe(/-2)!Wy,A logy, ^ x^^^ ^^"^^^ 



Gi(a,j) = 1 



2/1 



-logyi/j. 



log yi logyi 



I f ^1 i-^y-' fT logyi/jx log'-^x -1 



' (Z-3)!log'yiii logyi 
for 2 < m < 7 - 2, 

G„(.,i) = i„y){^(aP„(!2iM) + 1 p;„(!2iM)) 

Uog yi^ logyi logyi logyi ^ 
(-1)'-"^ ff ^Mgyi/jxAog^-"^-' 



and 



G,-.(a,i) = 1„U){ -'^^ +_Rir^.-.(w) _ / (3.31) 

log yi log z/i logyi 
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G/ a,j = ly,{3) J \aPi{- + :j Pf -j [ 

log'yi"- logyi logyi logyi J 

4. Evaluation of 

Throughout this section, estimation are uniformly for a, (3 <^ 
By (2.11) and (3.27), we have 



where 



E{a,/3) ^Ui + U2 + --- + Us + U!, + --- + Ui 



^ S 1 + a)Fu, i^n (g°'°-^> + 

H h (^/(a, i) Yl log^^i log^^2 • • • logp/) 

x(Go(/3,j) + Gi(/3,j)ElogPi 

pili 

H ^Gi{(3,j) logpilogp2---logP7), 

PlP2---pj|j 



^^ (loglogl/)^ ^ | /x^(j)F(j, 1 + g + /3)Ff (j, 1 - 2^) ^ 



_ / (log log y)^ , ;x^(j-)F(j, 1 + « + /3)Ff (j, 1-2S) . 



-(loglog2/)3 „ |/i2(j)F(j, 1 + a + /3)Fi(j, 1 - 25) 



log'?/ f-^F{j,l + a) 

x(Go(Qi,i) + Gi(a, jO^logpi + G2(Qi,i) X! logPilogP2 

Pl \j VlP2 \j 

H hG/(a,j) X! logPilogP2---logp/)|), 

piP2---p/b' 



' V ^<iiog^ ^1 ji-'^-^F(i,l + a) 



x(Go(a,i) + Gi(a,j)Elogpi + G2(a,i) logpilogpa 

Pl\j PiP2\j 

H ^Gi{a,j) Y logPilogP2---logp/)|), 

piP2---p/b' 



19 



(loglogy)^ ^ i fiHj)Fij, l + a + P)F,{j, 1 - 26) 

x(GoW,j) + G^{P,j)J2^ogp^ + G2{PJ) E logPilogPs 

Pl\j PlP2\j 

H VGi{l3,j) logPilogP2---logP7)|), 

piP2---pi\i 



(loglogl/)^ ^ M)F{j, l + a + (3)Fr{j, 1 - 2^) 
y'^'^ogy f^J j^-d--F{j,l + f3) 

x(Go(/3,j) + Gi(/3,j)ElogPi + G2(/3,j) E logPilogP2 

pili piP2li 

H ^Gi{/3,j) logPilogP2---logP7)|), 



C/8 = C>( 



(loglogl/)5 | /7^(j)F(j, 1 + g + (j, 1 - 2^) 



o'l— d— a- 



C/2, U^, ■ ■ ■ ; ^8 ^'^^ the same as U2, U^, ■ ■ ■ ,Us with y, S, d replaced by yi, Si, di. 
For j <y, a,/3 ^ 

r,f = 0(1), F{j, l + a + f3)= 0(Fi(j, 1 - 25)), 
1 . . . .... 1 



F{j,l + a) 



0(Fi(j,l-25)), 



i^(j,l + /3) 



0(Fi(j,l-25)). 



Then by 



we have 



U2 = 0{ 

= o{ 



log log t,)« ^ n^])FiU,l-2Sj - 



log^y 

log log y)^ ^ /i2(j) c[7(n) \ 



log y 



log^y 


E 




-2(5 


(log log 1/)^ 


E 

n<y 


dr 


» 


log^Z/ 




-25 


(log logy)6 


00 

E 


0?7( 


n) 



n<1//r7, -'0 



n=l 



(log logi/)^ 
- log^ y 



)■ 
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Similarly, 



_ . (loglogy)^ ^ f^\j)FKj, 1-26) . 

^ / (log log ?/)^ djjn) . 
y iog y -^y J n 

^ ^/ (log log y)^ rf7(n) ^ 1 \ 



E 



^ (-^/ (loglQgl/)^ V- ^7(n) _ 

y iOg y U jo<J//n -^0 

_ ^/ (log log ^ c;7(^) _ / (loglog|/)\ 

~ V ^2dlog2^ A. ^2/3 l0g2^ ^^-^^^ 



^^ (loglogy)5 ^ ^^(j)Ff(j,l-2^) 



(log log y)^ ^ dj{n) ^y\^ _ ^( {\og\ogy)\ 



For j < y, < m < /, it is easy to show 

1 

^log^^^y 

By (4.10)-(4.12) and (4.16), we obtain 



Gm{a,j)^0{^-^). (4.16) 



^ 0/(k^gk^ V ^^'ij)FKj,l-25). ^ Q/(loglog|/)3^ 

and similarly 

U, = E ^'^^'^^^'py-^^) ) = (4.18) 

^ rlog y j<y r ' ^ log y ' 

. 0(0^11^ ^ .-(.)Ff(.,l-2^)^ ^ ^((loglog.)\ 

We have the similar estimation for C/^, C/g, • • • , C/g, then by (4.13)-(4.15), (4.17)-(4.20), 
and note that Mi^^ = 0( ('°f' °f ^)' ), we obtain 

C/2 + --- + C/8 + C/2 + --- + t^8 = 0(^i^f^^^). (4.21) 

log y 
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The rest of this section is due to evaluation of C/i. By Lemma 6 with N — 1, Abel 
summation and (4.16), we have 

^ IJ,\j)F{j,l + a + P) ^ ^ ■^r^fo■s 

= + (4.22) 

where 

nc., P) - n(i - ^4)(i + - d) 

Y{a,(3) is an analytic function in|Q;|<i, |/3|<;j, then, 

Y{a, = r (0, 0) + 0(q;) + 0(/3) = 1 + 0(-^). (4.24) 

logy 

Let^=iS'/^=S^^da=^, /3 = ^, y = nyi = r^Sthen 
j-y Go{a,T)Go{P,T) ^^ 

Jl T 

= logt/i{ 6-0(0;, e"°s^i)G'o(/3, e"°^^^)cii + J^~' Go{a, e''°^y')Go{(3 , e''°^y')dt} 
= log..{/;K.(l-|t) + ^A'(l-|t) 

+g(73^r^^(i-^-/^v-^^^ 

= ['vo{9,9,,a,t)Vo{9,9,,b,t)dt 
9i log i Jo 

r— 

+ y^'^ yo*(^,^i,a,t)yo*(^,^i,6,t)cit}, (4.25) 



where 



Vo{9, 9u a, t) = a9,P,{l - ^t) + ^-^P[{1 - ^t) 



+ E TT^T [~ m-t- n)n^-'e-^'^^dn, (4.26) 



22 



V*{e,e,,aA) = a9,P,il - + |p;(l - ^t). (4.27) 



(4.22), (4.24), (4.25) and (4.16) gives 



^ /i^(j)F(j,l + a + /3) ^ 

g;F(,,l + .)F(,,l + /3)^°^"'^)^°^^'^) 



1 



^ilogT 



{j\o{0,eua,t)Vo{9,9,,b,t)dt 

+ r'v*{e,e,,a,t)v*{e,e^Mdt]-rO{-^). (4.28) 

Ji > log y 



3g y 

For 1 < m < /, let jo = j/PiP-i ■■■Pm, then 

^ /^^(PlP2 • • •Pm)F{piP2 • • -Pm, 1 + Qi + ^) logPl l0gP2 • • • logPm ^ 

PiP2-"i<2/i ^^1^^2 • • •PmF{piP2 ■■■PmA + a)F{piP2 ■ ■ ■ Pm, 1 + P) 

V- /^^Oo)-^(io, 1 + a + ^) ^/ . ^/Q • ^ 

2^ • F/ • 1 ^ NF/ • 1 ^ ^^ <^0(Q,J0PlP2 • • ■Pm)Gm{/3,j0PlP2 ' ' ' Pm) ■ 

JqF{jq, 1 + a)F{jQ, 1 + 13) 



< n 

PlP2-Pm 



(4.29) 

For P1P2 ■■ - Pm < Vi and ^{piP2 ■ ■ -Pm) ^ 0, by lemma 6 with = piP2 ■ ■ -Pm, Abel 
summation, (4.24) and (4.16), wc obtain 

2^ ■ rpr ■ II — \ipr- 1 I n-, Go{a,joPiP2 ■ ■ •Pm)G^ P, J0P1P2 ■■■Pm) 



■ ^ y\ 

(iO'PlP2-'-Pm) = l 



mi 1 1 _ -l-a-/3 

Y{a, /3) + -)"'(! + 7( - 1))"' 

^ ,ii ^ P. + r(i-p-i-«)(i-p7^-'') 



n 



Go{a,TpiP2- ■ ■Pm)Gm{l3,rpiP2- ■ -Prn) J , „.loglog|/ 

(p^"-i)(p^^-i) 



=i(p^"-i)(p^''-i) + (p^"^^-i) 

"piP2--Pm ^0(0;, TP1P2 ■ ■ ■Pm)Gm{P: rpiP2 ' ' ' Pm) , , ^.loglogT/ 

T log"^+'y 
Substitute (4.30) into (4.29), we get 



^^\3)F{3^ + a + (5) 



j<yi J \Jl J \Jl J PlP2---Pm\3 



XI /^^(piP2---Pm) n 
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I: 



Go(a, TP1P2 • • ■Pm)Gm(l3, TP1P2 ■■■Pm) 



X / ar 



loglog^ ^ ^ |p^"+^-l|logp, 
^H^ + 0{H2), (4.31) 



say. It is easy to show 



O(-), (4.32) 



(pi+" - l)(pi+/5 - 1) 



Hence by lemma 4, 

H2 = 0(^^^ fi E ^) = O(i^), (4.34) 

and by (4.16) and lemma 5, 
„ 2, ^ Tr' (P^"^^ - 1) log 



6*0(0;, rpiP2 • • -PrnjOmilS, TP1P2 ••■Pm) , 



nP.-^-^<n r=\ {Pl-^'^ - l){p'r-'' - 1) + {P'r-"'^' - 1) 



Pm<yi/PlP2" 
(Pm,PlP2---Pm-l)=l 



r=l p.<2/i ■P'- p^<2/i Pm^ log^'^^ y 
^ 2, (p^"+/^-l)l0gp. 

" ^'^'^ ■ ■ ''^-'^ M(P--i)(P^^-i)+(P^-^-i) 

Goia, TP1P2 ■ ■ •Pm)Gm{P, TP1P2 •••Pm), 

Pm<yi/PlP2-Pm-l ^ ^ 

PiP2-Pm-l<2/l r-=l Pm\piP2-Pm-l^"'^^^ 

V- 2. ,^fr' (p^"+^-l)logp, 

.....fr... ^ ' ■ '""^"^ M (p-"-i)(p^^-i)+(p^-^-i) 

Go(Q;,rpip2 ■ ■ ■pm)Gm{/3,rpip2 ■ ■ -pm) , 



^ \OgPm j 



Pm<3/l/PlP2---P' 

+0(!2li2M). (4.35) 
log y 

We have by lemma 4, Abel summation and (4.16) 

logPm fpiP2--Pm Go{a,TpiP2 ■ ■ •Pm)GmiP,rpiP2 ■ ■ -Pm) 



E 



Pm<yi/PlP2—Pm-l 



dT 
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f PlP2- -Pm-l ^ f PlP2---Pm-l'rm UQ[a, TP1P2 • • ■Pm-lTm)<^m[P, TP1P2 ■ ■ • Pm-lTm) , , 
Jl TmJl T 

1 



+OiTZ:jf^)- (4.36) 



(4.31)-(4.36) and (4.16) gives 

piP2--Pm-i<?/i r=l (Pr"^" — l)(Pr'^^ — 1) + (Pr''""'^^ — 1) 



Go{a,TpiP2 ■ ■ ■Pm-irm)Gm{l3,TpiP2 ■ ■ ' Pm-lTm) , , 

' dTaTr, 



^ 2, (p^"+^-l)logp. 

.....L./ ^^^^^--^-^^ M (P-«-i)(.^^-i)+(P^-^-i) 



^ J^OgPm-1 J PlP2 - Pm-l 

Go(q;, rpiP2 • • ■Pm-irm)Gm{l3: rpiP2 ■ ■ -Pm-irm) 



PlP2"'P7n—l'^rrt "u\,"^' 'X'ix'^ r'lii— ± • fit / " in yr-' 1 ' ±1^ ^ — ^'iiij j j 

aTdTrr 

T 

Mn( "vT ^^&Pr logPn^-1 ^ , ^^ loglogl/ ^ 

P1P2-P™-2<?;1 '■=1 P^-l\piP2-Pm.-2 P""-^ y y 

m-2 / l+a+13 _ 1 ^ l^vg-r) 

'"'^ ■ ■ M (rt- - - 1) + (p.--^ - 1) 

logPm-1 /" PlP2 - Pm-l 1 



X E 

Pm-l<yi/PlP2---Pm-2 ^'^-l ^ 

Go(a, TP1P2 • • ■Pm-irm)Gm{P: TP1P2 ■ ■ ' Pm-lTn 



X / aTdTrr 



+0('^). (4.37) 
log y 

Thus by induction, lemma 7 and the same variable transformation as in (4.25), we get 
g jF(j-,l + a)F(i,l + /3) ^°^"'^^^-^^'^^ ^ logPilogP2---logp. 

^ 1 



1 /■ n 1 /■ rir2 • r^_l ] 

A Ti Jl r2 J I T, 

Go(q;,tti • • •rm)G'm(/3,TTi • • -T^) loglog?/ 



log y 
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Ji mh log^y 



e.logTJo ml ^^ + ^^1^^' ^^-^^^ 

and similarly 

.|^ iF(i,l + c.)F(i,l + ^) ^-^^'^^^°^^'^^ ^ logPilogp,---logp. 
with defined by (4.26), 
for 2 < m < 7 - 2, 



yi(^,^i,a,t) = -2P2(1 - t) + EC/i^4| - i - (4.40) 



Vm{e, 01, a, t) = aOiPmil -t) + P;(l - t) - CZ+iPm+i{l - t) 
z=t;^2 (/-m-2)!yo 

and 

yj_i(e, ^1, a, t) = a^iP7-i(l - i) + P;-i(l - i) - IPi{l - t), (4.42) 
yr(^, 01, a, t) = aOiPiil -t) + P;(l - t). (4.43) 
For 1 < mi, 7712 < by Lemma 8 we have 
^ fi\j)F{j,l + a + P) 

£ ,mi + „)Fttl+««™'(«'^>^,^5^,;ogp.lcg.. . . .log.™ 

xGm2{l3J) E logPllogP2---logPm2 

X E log^pilog^P2 ■■ -log^Pfc log Pfc+i ■■ -log p™i+m2-fc- (4.44) 

PlP2---Pmi+m2-fcb' 

Similar to the proof of (4.38), we have 

X E ^°g^ ^°g^ • • • log^ Pfc log Pfe+i • • • log -k 

P1P2— Pmi+m2-fcb' 
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lOgTl _ /-rira-rfc.! lOg Tfc C r.r^-rk 1 

Jl Ti Jl Tk Jl 



Ti Tjfc Jl Tk+1 



+0(i^). ' (4.45) 

log y 



Thus by lemma 9 and the same variable transformation as in (4.25), we obtain 
_fi\j)F{j,l + a + f3) 

3<yi 

X log^Pl l0g^P2 • • • log^Pfe logPfe+1 • • • \0gPmi+m2-k 

PlP2--Pmi+m2-k\j 

^ gm,(«,r)G^,(/3,r)log-^+-^r ^^ ^ ^ log logy 
A (mi+m2)!r log^y 

_ 1 VmAO:Oua,t)Vrr^,ie,e,,b,t)t"'^+^^ ^.loglogy 

"^ilogTio K + m^)! "'^^^Wog^l/ ^ ^ ^ 

with Vi, ■ ■ ■ V7 defined by (4.40)-(4.43). 

Substitute (4.28), (4.38), (4.39), (4.44) and (4.46) into (4.2), we get 

11 — 11 

= — -— {/ T{9,9,,a,b,t)dt+ T*{9,9,,a,b,t)dt} + 0{^^^), (4.47) 
9i log 1 ^ Jo Jl ' log y 

where 

-p(a a h +\ \^ . ^ Kn, (6*, 6*1, a, t)Vm2{0, Oi, b, t)t"'^+"^^ 

J-{9,9i,a,b,t) ^ 2^ 2^ /mi<-m2 ^rr, \\ ' 

mi=0m2=0 fc=0 [1711+1712)1 

(4.48) 

J-*(^, ^1, a, b, t) = yo*(e, ^1, a, t)V*{9, 9^, b, t). (4.49) 
(4.47) with (4.1), (4.21) gives 

S(a, (3) = ^^-^{ C HO. Oi, a, b, t)dt + r{9, 9„ a, b, t)dt} + O(il^il^). 
9i log 1 ^ Jo Jl ' log y 

(4.50) 



5. Proof of Theorem 1 

By (4.50) and lemma 2, we have as T ^ oo, 

^ = / dt 

Jo 9i [a + 6) 

, fA ^*(g, 9,, b, a, t) - e-"-''^*(g, ^1, -g, -b, t) , 

+A W^) ^"'^ ^ ^ ^ ^ 
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uniformly for a, & < 1 and T < w < 2T. Then 



1 r 

AtTS •'—oo 



e 



''\BV{ao + it)\'^dt 



a=b=-R 



d^J^{e, 01, b, a, t) - e-''-''J^{9, Oi, -a, -b, t) 



ei{a + b) 



a=b=-R 



dt 



+05(1) 



^ , -d.(F*{e, Oi, b, a, t) - e-''-^J^*{e, Oi, -a, -b, t) 



ei{a + b) 



a=b=-R 



dt 



(5.2) 



uniformly for T < w < 2T, with A — ^. Thus it follows exactly as in section 3 of 
Balasubramanian, Conrey and Heath-Brown [2] that 

1 



\BV{ao + tt)\^dt 

[' Q(I^)Q(Zl) ( HO,Oi,b,a, t) - e-'^-'j^ie, 9,, -a, -b, t) 
Jo da db ^ 



Oiia + b) 



a=b=-R 



dt 



+05(1) 

Lemma 1 and (5.3) gives 



-d -d.(F*{e, Oi, b, a, t) - e-''-^T*{e, Oi, -a, -6, t) 



e^ia + b) 



a=b=-R 



dt 



(5.3) 



Theorem 2. Let T be a large parameter and L = logT, i? be a positive real 
number, ^^<|, ^^i<|,/>2isa integer, Pi is a real polynomial with Pi(0) = 
and -Pi(l) = 1, Pi{l = 2, ■ ■ ■/) are real polynomials with P;(0) = 0. Let Q be a real 
polynomial with Q{0) — 1 and Q'{x) = Q'{1 — x). Then we have 

^1 ^1 r r^r -d^r^-d^f H^. b, a, t) - e-''-'T{0, 0u -a, -b, t) ^ 

' ^'-r'^'^^Jo ^^^^^U^^ WTb) ) 



M I n(Z^\n(Z^^(^*^^^ ^' ^) - e-»-^-^*(^, Oi, -a, -6, t) 
^ ^^da'^^db 



a=b=-R 



dt 



. / ,N / dt), (5.4) 

with T{e, 01, a, b, t) and J^*(e, Oi, a, b, t) defined by (4.48) and (4.49), Vo, V^*, Vi,--- Vj 
defined by (4.26), (4.27), (4.40)-(4.43). 

Proof of theorem 1. By theorem 2, with 

e^^-e, 0^^--£^ i? = 1.3025, 7 = 3, 

P^(x) = x + 0.2950x-(l - x) - 2.2345a;(l - xf + 1.882a;(l - a;)^ 
P^{x) = 0.0849X+ 1.9824x^ 
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Ps{x) = 0.7516X, 

Q{x) = 1 - 0.6684a; - 1.0798(— - — ) - 5.0447(— - ^ + — ), 

2 6 6 2 o 

and let £ 0, we get 

K > 0.4128. 

Corollary 1. The ^9 — V conjecture implies 

n > 0.6107. (5.5) 

Here the ^9 — V conjecture means that lemma 2, and then theorem 2, is vahd for 
any 9 ^ 9i < 1. 

Proof. With 

9 = 9i = l-£, R = 0.7721, / = 3, 
p^(x) = x + 0.1560a;(l - x) - 1.4045a;(l - xf - 0.0662a;(l - a;)^ 
P2{x) = 2.0409a; + 0.2661x^ 
P^{x) = -0.0734a;, 

Q{x) = 1 - 0.7721X - 0.1901(- - |-) - 3.9627(y - y + y), 
and let £ 0, we get 

K > 0.6107. 
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discussion and comments, especially for remind me to verify that if 9i is permitted to 
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